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The behaviour of a dilute vapour, diffusing in a non-condensable gas, has been investigated. The 
vapour condenses on, and evaporates from, a spherical droplet, and the appropriate Boltzmann 
equation has been formulated thus enabling the condensation rate to be calculated in a precise 
manner. In contrast to previous work on this problem, the saturation temperature of the droplet 
differs from that of the non-condensable gas and this leads to certain differences and difficulties in 
the calculations. Despite these difficulties, an approximate method has been developed which uses 
the integral form of the transport equation to express the condensation rate in a form which includes 
any type of vapour-gas interaction. This is an advance on previous work which was confined to 
simple model problems and restricted to isotropic scattering. An expression for the heat flux to the 
droplet is obtained and a method for calculating the vapour density and temperature is outlined. 
Finally, we stress the limitations of the method and suggest ways in which these may be overcome. 

1. Introduction 

The evaporation and condensation of a vapour 
on a surface is a significant field of research because 
it has important implications in aerosol growth, in 
heat transfer calculations and in related areas such 
as meteorology, astrophysics and environmental pol-
lution. A useful survey and extensive bibliography 
on the subject has recently been presented by Fuchs 
and Sutugin1. In this survey, the problems of mass, 
heat and electric charge transfer to droplets are dis-
cussed and several simple methods of calculating the 
rates at which these processes proceed are outlined. 
Particular attention was payed to the case of mass 
transfer to a spherical droplet situated in a non-
condensable gas. It was assumed that the vapour is 
at so low a density compared with that of the non-
condensable gas that collisions between vapour 
molecules could be neglected, thus simplifying the 
problem and obviating the need for linearization. 
Indeed, an analogy with neutron transport theory 
exists 2 and results obtained in that field by Sahni 3 

were employed directly to calculate the mass transfer 
to a droplet. This problem was subsequently treated 
by Loyalka 4 who used a one-term separable kernel 
(quasi-BGK model) with what amounted to a con-
stant collision frequency. In the parlance of neutron 
transport theory this is equivalent to instantaneous 
thermalization on collision of a vapour molecule 
with a gas molecule together with the assumption of 

Reprint requests to Prof. M. M. R. Williams, Nuclear 
Energineering Department, Queen Mary College, Mile 
End Road, London El 4NS, England. 

a mean free path proportional to velocity. In all 
cases considered, the scattering of vapour molecules 
by gas molecules was assumed to be isotropic in the 
laboratory system which, in turn, implied that the 
mass of a vapour molecule, m, was much smaller 
than the mass of a gas molecule, mg . Thus the so-
called "persistence of velocity" effect was neglected. 
A further assumption in the works cited above was 
that of a constant temperature throughout. Thus the 
temperatures of the vapour, the gas and the evapo-
rated molecules were supposed to be equal. 

The purpose of the present paper is to discuss the 
above phenomenon in greater generality. In particu-
lar, we shall formulate equations which allow an arbi-
trary degree of anisotropic scattering, thereby in-
cluding persistence of velocity. We shall allow for 
any type of scattering interaction between vapour 
and gas molecules and, finally, we shall assume that, 
whilst the host gas is at a uniform temperature, the 
evaporated molecules are emitted at the appropriate 
saturation temperature; which is in general dif-
ferent from that of the gas. 

This more general approach will reduce the ease 
with which the previous authors have calculated the 
mass transfer rate and other associated parameters, 
but will have the advantage of highlighting the sen-
sitivity of the results to the physical properties of 
the gas and the vapour. 

We shall apply our equations to condensation 
on a spherical droplet and develope an approximate 
expression for the condensation rate. Our results 
will be compared with those of previous calcula-
tions. 
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2. The Equation of Transport and the Boundary 
Conditions 

We consider a spherical droplet surrounded by a 
non-condensable gas and a dilute vapour. The situa-
tion is spherically symmetric and the distribution 
function of the vapour molecules is specified by the 
function f(r,v,tt). In this function, r is the radius 
vector taken from the centre of the droplet, v the 
speed and tu the cosine of the angle that the direc-
tion of the molecule makes with the radius vector. 
It is assumed that there are no vapour-vapour colli-
sions and we may therefore write the Boltzmann 
transport equation for the vapour molecules as 5 

v j/< + 1 J* + V(v)f(r, v, ju) 

= fdv'v'2(v'~+v)f(r,v',ju') (1) 

where dv' = 2 tcv'2 dv' du'. 

2 (v'—>v)dv is the differential cross section for 
a vapour molecule of velocity v' to be cast into the 
velocity range (V,V + d r ) after collision with a 
gas molecule. 2(v' —>V) depends linearly upon the 
density, Ng, and in a more complicated fashion on 
the temperature, Tg, of the non-condensable gas. 
Thus if Ng and Tg vary with position then 
2(v'—±v) will do so also. We shall assume that 
Ng and Tg are spatially independent, although in the 
immediate neighbourhood of the droplet this as-
sumption may well be open to question. 

The collision frequency V (v) = v2(v) is related 
to 2(v' —>V) in the following manner: 

2 = f dv' v'2 20(v v') (2) 

where we have expanded 2 (v' —> V) in spherical 
harmonics; viz. 

2 (V'-^V) = I21r±12l(v'^v)Pl(Ju0), (3) 
l = 0 4 71 

ju0 being the cosine of the angle between V and v' 
and Pi(ju0) the Legendre polynomials. The bound-
ary condition at r = a may be stated as follows: 

f(a,v,/i)=Fa(v); (4 ) 

where Fa(v) is the Maxwellian distribution, i .e . 
V2 I ™ 

FM=Na 2 7i k 
exp 

m v 
2kT* (5 ) 

In this expression Ns is the saturation density of the 
vapour and the corresponding saturation tem-

perature. The relation NS(TS) is determined from 
an appropriate equation of state. 

The boundary condition at infinity depends upon 
whether we have a source of vapour at infinity or 
on whether the vapour is generated only by evapo-
ration from the droplet. The exact nature of the 
solution can best be described if we seek solutions 
to Eq. (1) in the following form: 

f(r,v,ju)= 1 ^±^-fl(r,v)Pl(Ju) 
7 = 0 4 a 

(6) 

Then by a generalization, to include velocity de-
pendence, of some work due to Davison2 , we can 
note that the // assume the form 

11 Ql(r,v) fi(r,v)=4nFv(v)\Ad{ 2 / + 1 j + i 

(7) 

Fv{v) is the equilibrium Maxwellian at the tem-
perature of the host gas, viz: 

Fv(v) =NC 2 Jt Jz Tg J 2 Jc J'g (8) 

where N x is the density of vapour at large distances 
from the droplet. A is unity when there is a current 
of particles (to be defined) from infinity, and zero 
when there is no such current. 

The Q/(r,v) are functions which have the prop-
erty 

lim Ql(r,v)=Ul(v) (9) 
r - * oo 

and only depend significantly on position within a 
mean free path of the droplet surface. A deeper 
discussion of the significance of the Qi may be found 
in Williams 6 . 

Equations for the Ui(v) may be found by in-
serting the asymptotic form of (6) into (1) and 
collecting up coefficients of Pi(tu). The result is that 

— Ui-i(v) +2{v)Vl{v) 
oo 

= fdv'v'22,(v-+v') Ui(v) (10) 
0 

where we have employed the detailed balance con-
dition 7 : 

v 2i(v'->v)Fv(v) =v2l{v-+ v')Fv(v) . (11) 

In the set of Eqs. ( 1 0 ) , TJ = 0 and U0 is equal 
to a constant which is denoted by A. Thus setting 
Ui = AUi we can obtain the Ui as universal func-
tions of the scattering kernel 2 ( v ' — A s an 
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example, in the case of isotropic scattering, we have 3. The Integral Equations 
2i(v —> v) = 0 , Z > 0 and hence 

~ It is convenient for the study of this problem to 
^ U i ( v ) = 1/ ( v ) (12) c o n v e r t the integro-differential Eq. (1 ) into a purely 

i. e. JJX is equal to the mean free path. integral form. This may be readily, though some-

what laboriously done by using the method of char acteristics. The result may be written thus: 

rvfi{r,v) =2jzrvFs(v) fld/*Pt(ft) e x p { 2 > ) [ (a2 - r2 + r2 ju^ - r ju] } 
(1 -a'lr*)1!! 

+ Io^~-fd//Kll'(r,r';v) f dv'v'»Zl'(v'-+v)ft(r',v') (13) 

where 
\fr* - a2 + 1/r'° - a-

r- — r 2 — i 2 _ ,'2 _L ,2 \ / r2 _ r'2 _ ,2 , 
(14) 

2 rt 
|r-r'| 

We now insert (7) into (13) and after some reduction obtain 

/! 
21+ 1 

oo oo 

FAV) Ql(rlV) =iFv(v) 1 n f —yjr Kii (r, / ; v) f dv' v'2 2 > (v v') Qe (/, v') 
r i' = o J rL J 

a 0 
oo 

+ Fv(v){rd0l Z(v) f dr' r K[0 (r, r'; v)} A (15) 
o 

— hFs(v)r f d^iPi(fJ-) exp{Z(v) [(a2-r2 + r2 ^ - r p] } . 
(l-aVr2)1/! 

However, it may be shown with some effort that 
oo 

~ f d//Kl0(r,/;v)-rö0l = - i r f dju Prfju) exp { 2 » [ (a2 - r2 + r2 u2),/s - r/<]} . (16) 
^ J (1 -a'/r')1/! 

a 

Let us denote this quantity by Si(r, v) whence (15) can be written as 
oo 

l\ Qi(r,v) ! ~ , f dr' , 
0 ; , -, Fv{v) r = 2 Fv(v) 2 I • -r[r Ku> (r, r ; v) 
21+1 r r = o J r 

a 
oo 

• / du' v'2 Sr (V v ) Qr (r\ v) + [F s (t,) - F » J ] St (r, v ) . (17) 
o 

Solutions of this coupled set of equations will lead to the quantities of interest. 

4. The Condensation Rate Now it is readily seen by integrating Eq. (1) over 
all velocities that 7 (r) has the simple behaviour 

To calculate the amount of vapour condensing on o 

the droplet per unit time, it is necessary to obtain r ' ^ ~ c o n s t • ( - 0 ) 
the net current 7(a). This quantity is by definition Thus, using (18 ) , (6) and (7) we find that 

1 0 0 A OO 

7 (a) =2zx f d/< f.i f df f 3 f(a, v, /<) . (18) <p = _ ^ L 4 a m f du Qx (a, v)Fv(v) (21) 
- t o 3 o 

The net condensation rate <I> is therefore w h i c h ? s i n c e fp i s c o n stant for all values of r, we 

<I> = 4 n a2 m 7(a) . (19) may also write as 
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0 = 
4 JT 4 a m / dvv3Q1(oc,v)Fl.(v) or 
3 o 

<£ = _ - - m aJdf v3 Ü1 (u) Fv (u) . 
3 o (22) 

A knowledge of A, together with Ux from Eq. (10 ) , will therefore enable us to compute fP. 
Setting 1=1 in (17) and then r = a, we find that the integral in (21) is given as follows: 

oo 

Jdvv3 Q1(a,v)Fv(v) = ^f~ J dw3[AFv(v)-Fs(v)] 

oo no OO OO , t ' 

+ 3 2 in-)1 fdvifiFAv) fdv'v'*2l(v-+v')fdr'Sl{r',v) } 

1 = 0 0 0 a r 

where we have used the readily, but tediously, proved relation: 

Si(r,v) = (~)lYKu(a,r;v) . 

Evaluating the integral over F v and Fs in (23) we find that 0 may be written OO oo oo oo 
$ = (4ji)2mZlH-)1 fdw*Fv(v) f dv v'2 v) f dr' S,(r ' , v) Qi(r,v) 

1 = 0 

(23) 

(24) 

(25) 

where 
&l = jia2m {Nx vg A -Nsvs} (26) 

is the condensation rate for free molecule flow, v 
being equal to (8 kT/ji m)' / ! . The remaining term, 
involving the summation, represents the effect of 
collisions of the vapour molecules with gas mole-
cules and, as will be seen, tends to reduce the con-
densation rate. 

At this stage no further exact analysis can be 
carried out and in order to compute it would in 
general be necessary to specify the scattering kernel 
and to numerically integrate the equations. It has, 
however, been customary to seek variational prin-
ciples for 0 which can lead to a reduction in com-
putational effort with only a small loss of accuracy. 

This has the advantage that an explicit algebraic 
form results, from which the importance on 0 of the 
physical parameters of the system can be deduced. 

In the present case, it is possible to construct a 
variational principle but, unfortunately, unlike the 
work of previous investigators of this topic, the 
adjoint function is required. Whilst this does not 
preclude the use of the variational method it does 
make it less useful and less accurate. The reason for 
this additional complication can be traced to our 
boundary condition, Eq. (4 ) , where the temperature 
Ta±Tg. This leads to the source term in (17) con-
taining Fs(v) which prevents detailed balance being 
used to simplify the equations. In the work of Sahni 
and of Loyalka it is assumed that Ts = Tg and thus 
the source term can be written 

Sdr, v) (NS-NXA) 
2akT„ 

exp 

which allows the simplification mentioned, with 
(Ns — N^A) as the driving term in the equation. 
It seems clear, however, that this assumption is 
open to question. In the next section we shall discuss 
an approximate method of solution which enables an 
explicit analytical formula to be obtained for 0 
thereby avoiding the necessity of a direct numerical 
treatment and of introducing adjoint functions. 

2 k To 
= St(r,v) CNs-N00A)Fv(v) (27) 

5. Approximate Values for the Condensation 
Rate 

Let us recall that at distances slightly greater than 
a mean free path from the droplet surface, the values 
of Qi(r,v) are virtually constant and equal to 
AUi(v). Our approximation, therefore, is that in 
(25) we replace Qi by its asymptotic value. This 
does not cause any significant error. 
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Let us define the average of a quantity a (v ) as 
follows 

(a) = fdv v3 Fv(v) a(v) (28) 

then using (22) we see that the approximation de-
scribed above leads to the following equation for CP: 

0 3 Ö °° ? 
tfT = 1 + IfTsW 2 ( — )' f dv v3 Fv(v) Vi ( t / j ) z = o o (29) 

fd v v2 2i(v-+v) Üi(v') f dr 
Si(r,v) 

This can be solved for and leads to 

< ^ > 1 - 0 

krhere 

Ti M - / 

(30) 

(31) 

and we have used (10) to eliminate any explicit 
dependence on 2i(v—> v'). 

Consider now the cases examined by Sahni and 
Loyalka, both of whom assumed isotropic scatter-
ing. The general result for this case leads to 

<Z>/<Z>f = { l - (3 / ( / ) ) (2 T o ) } - 1 (32) 

with l = 2 ~ l being the mean free path. J 0 can be 
evaluated analytically and we can write 

oo 
f sE3(s)ds \ J VJ+a222 f 

1 3 a ( 1 ) 3 
0 2 4 (I) 2(1) 

0 (33) 

For a —> 0, &f as we expect and as indeed 
is obeyed by the general expression (30) . For large 
values of a we find 

0 
3 a ( 1 ) &t = 

= 4 a a D n m ZV„ \ A — Ik n vu 
T, 

(34) 

where D0, the diffusion coefficient of vapour mole-
cules in the non-condensable gas, is defined as 

(35) 

and ( 1 ) = Vgl A n . 

Equation (34) is the correct continuum limit as 
given by others, except that we have Ts. If 
A = 0, the rate of loss of mass of the droplet is 
given. 

as described by (33) can be cast into a 
more convenient form if we write it as 

&=&J(l+X/a) (36) 

K being the conventional slip coefficient, or in neu-
tron transport jargon the extrapolation distance. 
Comparing (36) with (33) we note that 

/ = 
2__(/)_ 
3 ( 1 ) 

1 + 

oo 5 E3(s)ds 
7/7 V J Vs2 + a222 

o 
(37) 

For a — 0 , I 4 (Z)/3 ( 1 ) , whilst for large a, 
/ — > 2 ( Z ) / 3 ( 1 ) . For the case of a cross section 
independent of velocity we have 4/3 ^ / / Z ^ 2/3 
as 0 < a < oo which is to be compared with Sahnf s 
very accurate result 4/3 ^ k/l ^ 0.71 . . . 

In the case of a constant collision frequency such 
that 

l(v) = l0(m/2 k Tg)1'1 v 

we find that ( Z ) / ( l ) = 3 } /n Z0/4, which leads to the 
limits Vn^Xjl^ ]/n/2 ( = 0 .887) . Loyalka, using 
the variational method, obtains yVi ^ A/Z0 ̂  ( j / a / 4 
+ l/y^z) =1 .0073 . Thus the large a limits differ 
by about 12% in this case and in Sahni's case by 
about 6 % . We have not computed any intermediate 
values but it is clear that our method of approxi-
mation is a reasonable one. 

For the general case of anisotropic scattering, 
(30) may be cast into the form of (36) with D0 

defined exactly by (35) and with / given by 

/. = 16 a 
3 Vcr + j - (/ 

CO 

/ 

ds s E.^(s) 
Vs2 + a2~22 

- 3 2 Z ! ( - ) 1 [(2 Ui Ij) 
1 = 0 

U , ^ ? , ) ] . (38) 

Again the limiting cases are of interest. As a - > 0 
we note that 

(16 a /3 vg) ( U 1 ) = U D 0 / v g ) . (39) 

For a—>oc, we use the fact that 
l 

J l ~ ~ 2 2 V - 1 f ( 4 0 ) 
o 

and hence that 
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§ D j v , . (41) 

Djvg is the mean free path corrected for persistence 
of velocity. 

One important point that should be stressed in 
this analysis is that no specific knowledge of 
2 0 ( v v ) is required, only its weighted average 

It is true that the higher components 
2i(v'—>v), / > 0, are required but the sensitivity 
of I to the differential nature of these quantities is 

of second order. Thus it would be quite sufficient 
for many purposes to set 

21 (v' —> v) = 2 (v) bj (v) d (v — v') \v~ , 

where 6 1 ( f ) for example is the mean cosine of 
scattering in the laboratory system 1. Moreover, as 
we have seen, A does not depend at all on the 
2i(v' -> v), Z > 1 , for small and large a. The sen-
sitivity to the 2i(v '—> t>) for intermediate values of 
a remains to be calculated. 

6. Approximations for the Density, Temperature and Heat Flux 

From the conventional definitions, we find that the vapour density N, temperature T and heat flux W 
are given by 

oo 

N(r) = ANX-J d w2Fv{v)Q0{r,v) , (42) 
0 

oo 

ikN{r)T{r)=A% kN^Tg- 2 ^ m J dv v* Fv(v)Q0(r, v) (43) 
o 

and 
oc 

7h(r) = - [dw5Fv {v)Qt (r,v) where T = 4 ti a2 J h ( a ) . (44) 
o 

Estimates of the integral terms are readily obtained from (17) , thus 

Fv(v)Q0(r,v) =[Fs(v)-Fv(v)A] S0(r,v) 
oo 

OO f 1 ' oc 
+ iFv{v)Ill ^fKodr,/-^) fdv'v'22l(v-+v') Qt{r\ v) . (45) 

i = o J r o 
o 

We can estimate this term by the process described above in which, on the right hand side, Qi{r, v) is set 
equal to its asymptotic value. Since A has already been calculated, an accurate description of the macro-
scopic parameters N(r) and T(r) can be obtained even up to the droplet surface. Indeed it is the values 
at the droplet surface that are of most interest since we wish to obtain the jump conditions N(a) —Ns and 
T (a) —Ts. We shall not continue this process any further at this time for N or T, but the value of the 
heat flux W at the surface will be calculated in more detail. This can be obtained rather easily from (23) 
with a change in velocity weighting. Thus, with W = 4 n a2 ? h ( a ) , 

9 T m 00 
W = - ! - 4 n f dv V5 Fv (v) (a, v) (46) 

3 o 
where 

oc 
OC Q 9 

/ dvv*Fv (v)Ql (a, v) d wS[AFv{v)-Fs{v)} 
0 4 J 

0 
00 oc oo ^ 

+ 3 ^ 2l\(-)1 fdvv5Fv(v)fdv'v'22l(v->v')Ul(v')Tl(v) . (47) 
1 = 0 0 0 



140 M. M. R. Williams • Condensation and Evaporation 

Rearranging, we find 
(ft 00 ~ 

+ 2 ll(-)lfdvv5Fr(v)Jl(v) [2(v)Uj(v) — 
1 = 0 0 

where W,f = 2 a a2 [AN^ k Tg vg ~NskT, vs] 

is the heat flux for free molecule flow. Thus for a —> 0, xl' lFf. 
For the general case with the 1 = 0 term only, we can write 

. X 
W = 2 a a- k Ns v& (Tg -Ts) + 2 a a2 k Tg [AN^ vg - Ns i;s] 

(48) 

(49) 

4 a a 

A + a 

, a m 
+ r M i V . W g - J V . f l J - . 

a + / 

00 

/ 
ds s £3(5) \J 

|/s2 + a2 / 
(50) 

where ( . . . ) * is defined as (a)* = f dv v5 Fv(v) a (v) . 
0 

For large values of radius 
W ~ 2x a-k N, vs (Tg -Ts) +2nakTg [ANX vg - Ns vs] [X + X*) 

where 
Tim 2 (I) 

A = - « 

Vg 3 kTg 

and is analogous to the normal slip coefficient X. 

The physical explanation of this is as follows: 
the first term in (51) is due to the temperature dif-
ference between gas and droplet at the surface. The 
second term, however, is due to diffusion of par-
ticles towards the droplet surface thereby either 
enhancing or decreasing the heat flux according to 
whether AN^ vg ^ Ns vs. 

If we consider the case when = T g , the heat 
flux is not zero unless N x = N s . Furthermore, in the 
case of A = 0, the droplet will lose heat at the rate 

x¥ ~ - 2nak Ts Ns vg{X + X*) . (53) 

7. Discussion and Conclusions 

We have discussed in some detail the nature of 
vapour diffusion through a host gas, including also 
the influence of boundaries. It has not been neces-
sary to restrict the basic analysis to small pertur-
bations or to a small ratio of m/mg. Indeed, in the 
situation discussed in this paper none of the usual 
gas-kinetic assumptions has been made or Avas even 
needed. This convenient fact arose simply from the 
neglection of vapour-vapour molecular collisions, 
thus converting the problem to one in the related 

00 
/ dxx5e x*~ l(x) 

(51) 

(52) 

field of neutron thermalization, about which much is 
known 7. For the case of a pure vapour the situation 
would have been very different, for in that case 
linearization would have been essential and the 
usual restrictions implied by it would operate. As it 
is, the problem is very simple and the only type of 
mechanism causing condensation is that due to dif-
fusion; Stefan flow, which arises from mass motion 
of the bulk fluid, is absent. 

Despite the apparent simplicity of the problem 
considered here, there is one important restriction 
which has not been investigated. This concerns the 
temperature and density distribution of the host gas. 
Quite clearly, since T s^=T g , there will be some 
effect on the host medium near the droplet surface 
giving rise, possibly, to temperature and density 
gradients and thereby making Ng and Tg functions 
of position. The only situation in which this would 
not arise is that of specular scattering of the gas 
molecules by the droplets: an unlikely situation. In 
principle, then, the problem should be considered 
as two separate calculations. In the first, the be-
haviour of the non-condensable gas is studied, with 
the vapour ignored but with the correct boundary 
conditions at the surface of the sphere. Naturally, 
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such a calculation would require the linearization 
technique. Having obtained Ng(r) and Ts(r) and 
possibly TJs{r), the bulk flow velocity, these would 
be inserted into the cross section 2(v'—> V) for 
the vapour problem and then the calculation for 
that would be carried out. Whilst no linearization is 
required, the dependence of the cross section on 
position would complicate the analysis considerably 
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Pergamon, Oxford 1971. 
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and make a direct numerical approach the most 
suitable method 5. 

In spite of the objections listed above, we believe 
that the results obtained in this paper are of value 
and demonstrate how the previous work, as reported 
by Fuciis and Sutugin and by Loyalka, can be con-
sistently improved upon. 

4 S. K. Loyalka, J. Chem. Phys. 58, 354 [1973]. 
5 M. M. R. Williams, Mathematical Methods in Particle 

Transport Theory, Butterworth, London 1971. 
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7 M. M. R. Williams, The Slowing Down and Thermaliza-
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